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Abstract: Despite initial changes in respiratory illness epidemiology due to SARS-CoV-2,
influenza activity has returned to pre-pandemic levels, highlighting its ongoing challenges.
This paper investigates an influenza epidemic model using a Susceptible-Exposed-Infected-
Recovered (SEIR) framework, extended with fuzzy Atangana—Baleanu—Caputo (ABC)
fractional derivatives to incorporate uncertainty (via fuzzy numbers for state variables) and
memory effects (via the ABC fractional derivative for non-local dynamics). We establish
the theoretical foundation by defining the fuzzy ABC derivatives and integrals based
on the generalized Hukuhara difference. The existence and uniqueness of the solutions
for the fuzzy fractional SEIR model are rigorously proven using fixed-point theorems.
Furthermore, we analyze the system’s disease-free and endemic equilibrium points under
the fractional framework. A numerical scheme based on the fractional Adams-Bashforth
method is used to approximate the fuzzy solutions, providing interval-valued results for
different uncertainty levels. The study demonstrates the utility of fuzzy fractional calculus
in providing a more flexible and potentially realistic approach to modeling epidemic
dynamics under uncertainty.

Keywords: influenza model; fuzzy ABC fractional operator; stability; simulation

1. Introduction

Influenza, a highly contagious respiratory disease caused by influenza viruses, im-
poses significant annual health and economic burdens worldwide. It leads to millions
of severe illnesses and deaths, particularly among vulnerable populations, such as the
elderly and children, with the associated healthcare costs amounting to billions of dollars.
Flu severity was mild in 2023-2024, with activity recovering to pre-pandemic levels [1].
The CDC predicted 40 million Americans would catch influenza, with 18 million seeking
medical care, 470,000 hospitalized, and 28,000 deaths. Patients aged 65 and older accounted
for 68% of the fatalities and 50% of the hospitalizations [2]. Unfortunately, the pandemic
indirectly affected influenza immunization rates [3,4]. Primarily caused by influenza A

Fractal Fract. 2025, 9, 402

https://doi.org/10.3390/ fractalfract9070402


https://doi.org/10.3390/fractalfract9070402
https://doi.org/10.3390/fractalfract9070402
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/fractalfract
https://www.mdpi.com
https://orcid.org/0000-0001-5719-086X
https://orcid.org/0000-0002-3588-9693
https://orcid.org/0000-0001-5731-3532
https://doi.org/10.3390/fractalfract9070402
https://www.mdpi.com/article/10.3390/fractalfract9070402?type=check_update&version=1

Fractal Fract. 2025, 9, 402

2 0f29

and B viruses in humans, the disease spreads readily via airborne droplets released during
coughing, sneezing, or talking. Symptoms, often appearing suddenly, include fever, cough,
sore throat, myalgia, headaches, and fatigue; vomiting and diarrhea may also occur, espe-
cially in children. While most individuals recover within one to two weeks without medical
intervention, influenza can precipitate serious complications like pneumonia, bronchitis,
and the exacerbation of chronic health conditions, especially in young children, older adults,
pregnant women, and those with underlying health issues. Annual vaccination remains
the most effective strategy for preventing influenza and its severe outcomes. Given its
substantial global health impact, understanding the transmission dynamics of influenza is
of paramount importance [5-7].

Mathematical modeling is a crucial tool for elucidating the transmission dynamics
of infectious diseases and informing public health interventions [8-10]. The Susceptible-
Exposed-Infected-Recovered (SEIR) model, a fundamental compartmental framework,
is widely employed to describe the spread of diseases like influenza, where individuals
undergo an exposed (latent) period before becoming infectious [11]. Classical SEIR models
typically utilize integer-order ordinary differential equations, assuming that the rate of
change depends solely on the current state and that parameters are precise [12-14]. How-
ever, real-world epidemiological systems often exhibit complexities not fully captured
by these classical models. For instance, biological processes such as immune response
duration, coupled with epidemiological factors like reporting delays and persistent environ-
mental factors, can introduce memory effects, implying that the future state of the system
depends not only on its present state but also on its past states. Fractional calculus [15-17],
which extends differentiation and integration to arbitrary non-integer orders, provides
powerful tools to incorporate such memory and hereditary properties into dynamical
systems [18-20]. Notably, the Atangana-Baleanu—Caputo (ABC) derivative, characterized
by its non-local and non-singular Mittag—Leffler kernel, has gained traction for its efficacy in
modeling diverse real-world phenomena due to its ability to capture a wider range of mem-
ory effects [21-23]. Furthermore, inherent uncertainty and vagueness often characterize
epidemiological data and parameters. Population counts, diagnostic accuracy, individual
susceptibility, and infectiousness can be imprecise or challenging to measure accurately.

Fuzzy set theory, pioneered by Zadeh [24], offers a robust mathematical framework
for managing such uncertainties by representing variables as fuzzy numbers rather than
crisp values. The primary advantage of this approach in epidemiological modeling is its
ability to capture the inherent vagueness and imprecision in real-world data. For instance,
population counts are estimates, diagnostic tests have sensitivity and specificity limitations,
and an individual’s infectiousness is not a fixed constant. By using fuzzy numbers, we
can represent a parameter like the transmission rate not as a single crisp value, but as a
range of possibilities (e.g., ‘around 0.9’, represented by a fuzzy interval), which is often
more realistic. Fuzzy data in practice can be derived from statistical confidence intervals of
empirical data, from ranges provided in public health reports, or through expert elicitation.
While the direct estimation of fuzzy parameters from raw data is a complex field in its own
right, a common and practical approach, which we adopt in our numerical simulations, is
to define fuzzy numbers based on the uncertainty ranges around established crisp values
found in the literature. This allows us to demonstrate the model’s capacity to handle and
propagate uncertainty through the system’s dynamics, yielding solutions as fuzzy bands
that represent a range of potential epidemic trajectories. Previous studies have explored
epidemic models using fuzzy fractional Caputo derivatives for childhood diseases [25],
fuzzified models for dengue transmission [26], and fuzzy fractional SIS models for MERS-
CoV [27].
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While these approaches demonstrate the value of incorporating fractional dynamics
and fuzzy logic, a comprehensive SEIR model for influenza that specifically leverages the
fuzzy Atangana—-Baleanu—Caputo (ABC) fractional derivative to simultaneously and effec-
tively address both complex memory effects and inherent epidemiological uncertainties
has not been fully developed and analyzed. The ABC derivative, with its non-singular
kernel, is particularly well-suited for describing memory phenomena in biological systems
compared with some other fractional operators [28-30].

Therefore, to address this gap, this paper introduces and analyzes an SEIR model for
influenza transmission formulated using fuzzy ABC fractional derivatives. We extend the
classical SEIR model by representing the population compartments (SEIR) as fuzzy-valued
functions and employing fuzzy ABC fractional derivatives of order 7. This approach
enables the modeling of dynamics where the system’s history influences its evolution
(via the fractional derivative) and the state variables inherently incorporate imprecision
(via fuzzy numbers). This work first establishes the requisite mathematical background
before formulating the fuzzy ABC fractional SEIR model. A key contribution is the proof of
existence and uniqueness of solutions, followed by an investigation of the disease-free and
endemic equilibrium points. Subsequently, to demonstrate the model’s practical behavior
and the impact of uncertainty and memory, we develop a numerical scheme based on the
fractional Adams-Bashforth technique. This allows us to generate and interpret interval-
valued solutions under different assumptions, providing a tangible illustration of how this
framework can offer a more nuanced understanding of epidemic dynamics.

While building on established principles, the primary contribution of this paper is
the novel synthesis and comparative analysis of a fuzzy Atangana-Baleanu-Caputo (ABC)
framework with a Crowley-Martin incidence rate for influenza modeling. The innovation
lies not in creating new operators, but in demonstrating the unique and complex dynamics
that emerge from this specific combination. A core element of our investigation is the rigor-
ous analysis of how the choice of generalized Hukuhara (gH) differentiability (i)-gH versus
(ii)-gH profoundly alters the predicted epidemic trajectories. As our results will show,
this choice can mean the difference between predicting a classic epidemic wave and pre-
dicting a monotonic disease fade-out, a critical distinction for public health interpretation.
By systematically exploring these dynamics, this work provides a deeper understand-
ing of the interplay between memory effects, behavioral saturation, and uncertainty in
epidemic modeling.

2. Basic Concepts and Supplementary Results

Here, we present the basic definitions of the ABC fractional operator through a fuzzy
concept and outline fundamental theories. Moreover, we highlight key results that will be
used throughout this paper.

Definition 1 ([31]). A fuzzy number u is a map uw : R — J such that u satisfies the
following properties

* U is upper semi-continuous.

*  uis fuzzy convex, i.e., u(Ax + (1 — A)y) > min{u(x),u(y)}, Vx,y € R,A € [0,1].
e uisnormal, ie, Ixg € R;u(xy) = 1.

*  The closure of supp(u) = {x € R: u(x) > 0} is compact.

Definition 2 ([31]). The parametric interval form of fuzzy number u is given by

[u]p = [u(B), u(p)), p < [0,1],
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where u(B) and u(B) are continuous and nondecreasing functions on the left and right with respect
to B such that VB € J, we have () > u(p).

Definition 3 ([31]). The arithmetic operations (addition and scalar multiplication) of arbitrary
fuzzy numbers [u]z and [v] g are given as

weo)pl = [W(B)+2(p)u(p)+3(p)
_ ) [Mu(p),Au(p)l, A =0,
ewlp = {[Au<ﬁ>,Au<ﬁ>1,A<o,

where p € J.

Let [p(1)]5 € CF(J,R)NLF(J,R) be a fuzzy-valued function. Then, the parametric
interval form of p(1, B) is

()]s = o)1) B € [0,1].

Definition 4 ([32]). Let R be the set of all fuzzy numbers on real numbers and (Rp,d) a complete
metric space. The Hausdor{f distance is defined as the following:

d:Rp x Rp — R, U{0},
d(x,y) = sup max{|u(B) —v(B)|,[x(B) —¥(B)|}-
pelo.1]

Then, the following properties are well known:
Dd(xdw,ydw)=d(x,y),forall x,y,w € Rg.
(2)d(x®w,0) =d(x,0)+d(y,0), forall x,y,w € Rp.
B)dxdy,xdw)=d(y,w),forall x,y,w € Rg.
Ddxoy,zow) <d(x,z) +d(y,w), forall x,y,z,w € Rf
Gldxoyzow) <d(x,z)+d(y,w), forall x,y,z,w € Rp,x ©y and z © w exist.
6)d(A©x,A0y) = |A|d(x,y), forall x,y € Rp, A € R.

Definition 5 ([33]). Let RY be the set of all fuzzy numbers and u,v € RE. If there exists a fuzzy
number w € RF such that u = v+ w, then w is called the Hukuhara difference of u and v and it is
denoted by u & v.

Definition 6. The generalized Hukhara difference of two fuzzy numbers is defined as follows:
UOgHV =W {

The first case is equivalent to the Hukuhara difference, denoted by u & v. If [u]ﬁ = [u(B),u(B)]
and [v]ﬁ =[v(B),v(B)], there is

uSgy v = [minfu(p) —v(p), u(p) —v(B)}, max{u(p) — v(p),u(B) —v(p)},

and the conditions for the existence of u,v € R¥ are as follows:

Case 1: [10]y = [w(B), w(B)] = [u() — o(B), W(B) — 5(B)] with w(B) increasing; w(p)
decreasing, (ﬁ) w(B).

Case 2: [10]y = [w(B), W(B)] = [7(B) — (B), u(B) — v(B)] with w(B) increasing; w(p)
decreasing, w(p) < w(p).
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Definition 7 ([33]). The generalized Hukuhara derivative of function p(1) can be defined as

p(t+h) Sgn p(1) p(t) Sgr p(t+h)

gHP' (1) = hli,%l+ h - hli%l+ h / v
where
g’ (1) € CH(NLF(D),
and
B i) p(t+h)=p()©g(),
p(t+h) Sgn p(t) = g(1) <= { ii) p(1) = p(t+h) & (—1)g(1). (2)

The first case reduced to the Hukuhara difference of p(1 + h) © p(t). By applying a B-cut to
both sides of (1), with the definition of the gH-difference (2), we obtain
e Case (1) (i-Differentiability)

i)-gul0' 0] 5= |0/ B). (1)
e Case (2) (ii-Differentiability)
-0 (0] = [P/ B B)).

The choice between these two cases of generalized Hukuhara differentiability is not
arbitrary and has significant implications for the model’s interpretation.

Case (1) (i-Differentiability): This case is analogous to the standard concept of a
derivative. If a function is (i)-differentiable, the uncertainty (i.e., the width of the fuzzy
interval) tends to be a non-decreasing function of time. This is appropriate for systems
where initial uncertainties are expected to propagate and potentially grow over time.

Case (2) (ii-Differentiability): In this case, the derivative exists in a different sense,
where the width of the fuzzy interval may decrease. This allows for the modeling of
systems where uncertainty might reduce over time, for instance, as a system converges
towards a stable, crisp equilibrium point.

The choice depends on the expected behavior of the system’s uncertainty. In our
study, we explore both scenarios to provide a comprehensive analysis. Case 1 (Figures 1-7)
assumes all the state variables are (i)-differentiable, representing an unfolding epidemic
with propagating uncertainty. Case 2 (Figures 8-11) assumes all are (ii)-differentiable,
exploring a scenario more akin to disease fade-out or stabilization. This is made explicit in
the header of each simulation section.

Definition 8 ([34]). The Atangana—Baleanu derivative in the Caputo sense of a differentiable
function p(t) of order n € (0, 1] is defined as

o = £ [6, (-0 ) )

where A(n) =1—n+ %}7) and Ey; is the ML function defined by E;, (1) = Y2 Wiﬂ), R(n) >0,
1eC.

Definition 9 ([33]). The ABC fractional derivative on fuzzy valued functions is given in two cases
as follows

0"°D"p(0)] = [§°°Di "0t £).6™ Dp(1, B)] Case (1),

and
4%Dp(w] | = 8% (1 B) 47 Do (1 )|, Case ),
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where
ABC i _ A ' (_ /- ’7)
¢reptew], = T2 [ ol @By (16— 9) L
+M/l ule'(6)] s E ( ! (t—g)”> di,
11 Jo 078 PP 1 E, <0
and
i A) [ / ( U )
ABC pyi] _ .. E, | — —co) d
[o ! p(t)}/3 Ty 0(11)—gH[p (6)] ¢ Ey 1_,7(1 c) oo G
A(y) / ( B ,7)
+1_,7/0<1>_gH[p ©]gEn | —7— (=) Eﬂ<0dg-
The end points of ABC fractional derivative are defined as,
, Aly) [ < U )
ABC ™15, _ "(c, BE, | — Y d
DM p) = £ [ pE (-]
A [ ( U )
42 B)E, - L= )" dc,
17,7/09(9'[3);7 T, b
and
ABCD*5(, 8 — Ay) [ E, <_ /- 11) d
45D a1, ) n/” B (g =o")| s
" hetepn ()
v - - dc,
1 [ (a0 s

and x € {i,ii}.

The distinction based on the sign of the Mittag-Leffler kernel (E, > 0 vs E; < 0)
relates to the nature of the system’s memory. A non-negative kernel implies that past
states always contribute positively (as a weighted average) to the current change, typical
of accumulation or growth processes. A sign-changing kernel allows for more complex,
non-monotonic memory effects, where past states might have an oscillating influence on
the present, though this is less common in simple compartmental models.

Definition 10 ([34]). The integral of the Atangana—Baleanu derivative in the Caputo sense of a
differentiable function p of order y € (0, 1] is defined as follows:

ABIgp(l) = 1A(_;77)7p([) + AZ?) 1“(1,7) /0‘([ — s)'i—lp(s)ds.

Definition 11 ([33]). The integral of the ABC fractional derivative for fuzzy-valued functions is
given by

[881lp)] = [6°Wole £)6° 1o (. p)],
where
1-— ! -
§7Ctlo( ) = 500w B) + gy ) 4~ 9 ele s

and

ST B) = S (B) + gt [ = o) pe Pl
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Definition 12 ([33]). Let 7 € (0,1). Then
021 (§700(w) | = [871 (8°°Dr (0 8)) 7 1 (67D (1, B)) |, Case )

and

21 (§7CD e ()] = [0 (85D 5 (1, 8)) 4% 1! (§5°DIp (1, 8)) | Case (2),

p

where

081 (85D 01, 8)) = (o) —p(0,B)) , _ + (Plc,B) =P(0.B)), <0

E;>0

and

881 (85D 51, 8)) = (e, B) =P(0,B))e, 0 + (p(c, B) — (0. )

4
E,<0
and * € {i,ii}.

3. Mathematical Model

The authors in [12] studied the following Influenza Epidemic model SEIR. The SEIR
framework is particularly suitable for influenza due to its well-documented latent period,
where individuals are infected but not yet infectious (the "Exposed’ compartment)

d B 0 I1(1)S(1)
750 = ©@—aS() - ZT
%E(t) — %&SO)—(& +03)E(1),
%1([) = &3E(1) — (61 +64)I(1),
TR = al) - &R0,

where ® = JyN. In the above (SEIR) model, we divide the population into four distinct
groups (compartments) based on their disease status, and the equations describe how indi-
viduals move between these compartments over time :. The compartments are as follows:

S(1): Susceptible: Individuals who are not yet infected but can become infected.

E(1): Exposed: Individuals who have been infected but are not yet infectious to others
(they are in the incubation period).

I(1): Infectious: Individuals who are currently infected and can transmit the disease to
susceptible individuals.

R(1): Recovered: Individuals who have recovered from the infection and are assumed
to be immune.

In this epidemiological framework, the population is categorized into four groups:
Susceptible 5(¢) (those who can contract the illness), Exposed E(t) (those infected but not
yet contagious), Infected I(1) (those capable of transmitting the illness), and Recovered
R(t). The model accounts for demographic changes through a natural birth rate (adding to
susceptibles) and a natural death rate (affecting all groups). Transmission of the virus from
infected to susceptible individuals drives the epidemic. Key processes quantified include
the rate of initial infection, the progression rate from exposed to infectious, and the rate of
recovery, all while maintaining a constant overall population size. The model parameters
and their estimates are defined in Table 1.
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Table 1. The model parameters and their respective definitions.

Parameter Definitions Numerical Value Ref
oo Natural birth rate 0.00112 [10]
&1 Natural death rate 0.0013 [12]
&y Transmission rate 0.97 [10]
O3 Incubation rate 0.78 [12]
04 Recovery rate 0.62 [10]

4. Fractional Order Disease Model

To better represent the complex dynamics of disease evolution, this formulation ex-
tends the classical SEIR model, whose standard form often uses a bilinear incidence rate of

BL(1)S()

the form ==5~. Our proposed model replaces this with a Crowley-Martin type incidence
S21(1)S(1)

1+m 1(1))(14a25(0))

two key behavioral or saturation effects. The term (1 + a,5(¢)) in the denominator accounts

. This non-linear incidence rate introduces

rate [35], given by the term 0

for a saturation effect in the susceptible population, which can be interpreted as individuals
reducing their number of contacts or taking more precautions as the number of available
susceptible decreases or perceived risk changes. The term (1 + a11(t)) represents an inhi-
bition effect due to the infectious population, where susceptible individuals may further
limit their contacts to avoid infection as the number of infected individuals increases. This
makes the Crowley-Martin incidence rate more flexible and potentially more realistic than
the simple bilinear or standard incidence rates, especially in populations where behavioral
changes significantly impact transmission dynamics. The mathematical formulation of this
model is as follows:

B 0I(1)S(1)
ABCDIS()) = ®_515(‘)_(1+a112(z))(1+a25(z))’ (3)
0"“DIE() = 1+ al(lsill)()lzfi)azso)) ~ (01 +%)E(), @
GECDII() = G3E(1) — (81 +64)1(2), 5)
ABCDIR(1) = 641(r) — 61R(1), (6)

where S(1), E(1), I(¢), R(:) represent the susceptible, exposed, infectious, and recovered
populations at time ¢, respectively. © is the recruitment rate into the susceptible population
(e.g., births). 4 is the natural death rate, J; is the transmission rate, J3 is the rate at
which exposed individuals become infectious (incubation rate), and Jy is the recovery rate.
The constants a;,a, > 0 represent the strength of interference or saturation effects from
infectious and susceptible individuals, respectively. The initial conditions are S(0) >0,
E(0) >0,1(0) > 0,R(0) > 0.

The term “Fuzzy ABC derivatives” implies that either the parameters (©, J;, a;,77),
the initial conditions, or the solutions themselves might be considered as fuzzy numbers.
For the analytical discussion below, we primarily consider the deterministic skeleton of
this model.

It should be noted that these parameter values are adopted from the cited literature to
establish a consistent and verifiable baseline for demonstrating the proposed fuzzy frac-
tional methodology. While fitting the model to specific, real-world influenza surveillance
data would be a valuable and important extension, the primary focus of this study is on
the theoretical development and numerical exploration of the model’s framework. Such a
data-driven application represents a key direction for future research.
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4.1. Boundedness of Solutions

The total population is N(¢) = S(¢) + E(¢) + (1) + R(1). Taking the fractional deriva-
tive of N(1):

SBEDIN(1) =4BC€ DS (1) +4BC DIE(1) +4B€ D 1(1) +§B€ DI R (1)
S21(1)S(1)
(T4 a11(2))(1 + a25(1))

0I(1)S(1)
1+ aﬂit))(l Tms0)) (01+03)E(1)

=0—5S(1) —

+ (03E(1) = (01 4 64)1(1)) + (641 (1) — 61R (1))
=0 - 515([) - 51E([) - (511([) - 51R(1)
= @—51N(l)

For the fractional differential equation #B°D/N(:) = © — 6;N(1) with N(0) > 0, if
N(1) > %, then $B¢D/N(:) < 0. This implies that N () approaches % as 1 — oo. Thus, N(1)
is bounded by max(N(0), %). Since S(t), E(t),I(t), R(1) are non-negative, they are also
bounded. The feasible region for the model is as follows:

Q:{(S/E,I,R)ERi:S+E+I+R§(S@}.
1

All solutions starting in R* eventually enter and remain in Q.

4.2. Positivity of Solutions

It is important to note that the following analytical properties (positivity, boundedness,
and the determination of equilibrium points) are investigated for the deterministic skeleton
of the fuzzy model, where parameters and variables are treated as crisp values. This
approach provides the essential mathematical foundation and stability thresholds (like
Ro) for the system. The significant difference introduced by the fuzzy ABC model lies not
in these foundational proofs but in the numerical interpretation of the dynamics, where
uncertainty is propagated over time. The impact of the fuzzy framework, which yields
interval-valued solutions and provides a richer understanding of potential outcomes, is
demonstrated in the numerical simulations section. For an epidemiological model to be
biologically meaningful, all state variables must remain non-negative for all time ¢ > 0,
given non-negative initial conditions.

Theorem 1. Let the initial conditions be S(0) > 0,E(0) > 0,1(0) > 0,R(0) > 0. Then the
solutions (S(t), E(t), (1), R(t)) of the model (3)—(6) are non-negative for all 1 > 0.

Proof. Proving positivity for fractional-order systems rigorously often involves generalized
mean value theorems or comparison principles for fractional derivatives. Heuristically
From (3), we have

(521([)
A+ ml0)(1+2:S0) ) 5()-

As all the solutions are bounded, therefore, we let I(1) to be bounded by ¢. Then

ABED]S(1) > — (51 +

ABEDTS(1) > —mS(1), 7)
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.-—_ 5 lp
where m := (51 + Wm

) is a constant. Applying the Laplace transform on both
sides of (7), we obtain

An)s1

mz(so))(s) A(W)S”)SWS(O) > —ml(5(1))(s),

S+ (17
and
A(U)s”’ls(O) s1—1

(77)+m(1_;7)57]+WHZ(17}7)

(S()() = 5

Now, by applying the inverse Laplace transform, we have

A(q)s”‘ls(O) B mh
() +m(1—1) '“( =T 77))' ®

Thus, by positive value of the right-hand side of (8), we conclude that S(¢) remains positive
for every ¢ > 0. In the same manner, we deduce that E(¢) > 0,1(¢) > 0, and R(¢) > 0, for
every 1 > 0. As a result, the solutions in R* will always be positive. [

S(t) > A

Remark 1. If the solutions are fuzzy numbers, positivity would mean that the support of these
fuzzy numbers is contained within [0, 00).

4.3. Equilibrium Points

Equilibrium points are found by setting the fractional derivatives to zero. In this part,
we discuss the disease-free equilibrium (DFE) and endemic equilibrium (EE).

4.4. Disease-Free Equilibrium (DFE)
Let I = 0 in Equations (3)-(6). Then we have

0 = O-65(), )
0 = —(b1+6)E), (10)
0 03E(1), (11)
0 = —H&R(). (12)
From (11), we have
&E =0.

Since 3 > 0,this implies that E = 0. By (12), we have
0 R =0.
This implies that R = 0. By (9), we have
®—-65=0.
This implies that S = £. Thus, the DFE is

P= (%,0,0,0).
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4.5. Endemic Equilibrium (EE)

To obtain the endemic equilibrium, we consider the new notation of S, E, I and R as

§, E, Tand R. Then, we have

DI = 650 0p1(1)S(1) ,

0 (1) 15() <1+glA(1)) (1+ﬂ2§( ))
ABC i - 52T(l)§(1) - E
ArcpEQ) (1+gﬂ0»(l+@§M) (61 +03)E(1),
0PCDII(1) = &E(1) — (51 +64)1(1),

ABCDIR(1) = 641(1) — 61R(1).

Let P = (S, E, T, R) be an endemic equilibrium where T > 0. Setting derivatives to zero:

o~ .~

0=0-65() - LIOLIO N—
(1 + ﬂll(l))(l + (125([))
0= 1(1)S(1) — (81 +33)E(1),

(14 a11(1)) (1 + a25(1))
0=03E(1) — (81 + 84)1(1),
0=041(1) — &1R(),

From (15), we have

B ditoag,
03
Letk; = 61 + 63 and kp = 67 + d4. So
E=—=1
210)
From (16), we have
P N
R=—=-1
01
Substitute E into (14) (assuming > 0):
5501 EG k
25(1) _ 5 EW R

(14 a11(2))(1 + a25(2)) 1(:) 3’

From (13), also using (14):

@—@ﬂo—ha0:0:¢@—@ao—h%uo:o
3
So,
7. %(©-050))
kiko
Substituting (18) into (17), we obtain
(52 §(l) k1 kz

(13)

(14)

(15)
(16)

(17)

(18)
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This equation can be rearranged into a polynomial in S. Specifically, it becomes a
quadratic equation:

q kik s 53(® — 6,5
025(1)03 = ;—32(1 + 1125(1)) (1 + a13(k1k21())>.

5:8(1)8 = Co(1 +m8()) (1+ C1 (O - &15(1)).
where Cy = % and C; = %. Expanding this leads to the following:
A(5(1))2+BS(1) +C=0.

where coefficients A, B, C depend on the model parameters. The existence and uniqueness
of a positive 5(1) < % (which implies I(¢) > 0) typically depends on whether the basic
reproduction number Ry > 1.

4.6. Basic Reproduction Number (R)

The basic reproduction number Ry is calculated using the next-generation matrix
method at the DFE P = (%, 0,0,0). The compartments involved in new infections are
E and I. The linearized system for new infections (F) and transitions (V) for (E,I) is

42CDIE®W\ E()
(%‘BCD:H([)) =E=7) (10))

_ 0 . . . o &IS . .
At DFE P, we have S = 3-. The rate of new infections entering E is ¥l (1555 Lineariz

as follows:

ing this term with respectto [ at S = %, I = 0, we obtain

(C] Q

(1+0)(1+a) 1+amf

) 5,18
81<(1 +aI)(1 +a25)>

1:0,5:%

The matrices F (new infections) and V (transfers) are as follows:
5 %
F = 0 1+ﬂ2% , V = 51 + 53 0
0 0 —0d3 61+ 04

V*l _ 1 (5] -+ 54 0
(014+03)(01+0d1)\ 85  S1+63)

Then

The next-generation matrix is K = FV 1

g
K — 1 0 70, @ 61+ 64 0
(61 +03)(d1 + 44) 0 0 ! 3 6+

. 025703 025 (01+03)
Q (€]
K= Itarg) Ttay 3 .

1 +d)(0+da) \ 0

This implies

The basic reproduction number R is the spectral radius of K, p(K). Then, we have
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€]
. 5,25, _ 5,06 |
(1 + 112%)((51 + 53)(51 + (54) ((Sl + a2®) (51 + (53)(51 + (54)

The Crowley—-Martin term 1+ul o reduces Ry compared with a standard incidence, reflect-

2 31
ing the saturation effects at high susceptible densities. The ;I term has no effect on R as

it vanishes at I = 0.

4.7. Stability Analysis

The stability of equilibria for fractional-order systems depends on the arguments of
the eigenvalues of the Jacobian matrix. An equilibrium is locally asymptotically stable if all
eigenvalues A; of its Jacobian matrix satisfy|

T
arg(A)| > 5.
If 7 = 1, this reduces to Re(A;) < 0.

4.8. Local Stability of DFE (P)

LetZ(S,1) = ——225 ___ Then, & — 0 (since I = 0),and 2£ =
etZ(S,1) T fTas- Then, 53 P=(2.000) (since ), and 57 P=(£,000)
58
1;"1@ (as calculated for Ry). The Jacobian matrix | for the model (3)—(6) evaluated at
,@

9
P = (%,O, 0,0) is given as follows:

5 0 2y 0
A o 1+ﬂ2%
52%
1
0 d3 —(01+4d4) 0
0 0 o1 —5

The eigenvalues are —J; (from the first row/column, associated with S), —J; (from the
fourth row/column, associated with R), and the eigenvalues of the submatrix:

—(61 + 63) i
el = 1773 0, 2
3 — (61 +04)

We know that the characteristic equation for Jr; is
)Lz — tr(]EI)/\ -+ det(]EI) =0.

Thus, we have

6,265
A2 4 (61 4 83) + (814 64))A + (61 + 83) (61 + 64) — —2 5 =0.
Letky = (61 +93) > 0,k = (61 + J4) > 0, then we have
525@53
A2+ (k4 ko)A + ko [1— —3 " | =0.
(k1 +k2)A + Ky 2< Y=

Thus,
A2+ (ki + k) A + kiko(1— Ro) =0



Fractal Fract. 2025, 9, 402

14 of 29

If Rp <1, thenl— "Ry > 0. Since kq1,kp > 0, all the coefficients of the polynomial are
positive. For integer-order systems (17 = 1), this implies that the eigenvalues have negative
real parts by the Routh-Hurwitz criterion. For fractional systems (7 € (0,1]), if Rp < 1,
the DFE is locally asymptotically stable. If Rg > 1, then 1 — R < 0, leading to one positive
real eigenvalue, making the DFE unstable.

4.9. Local Stability of Endemic Equilibrium (P)

If Ry > 1, an endemic equilibrium P may exist. Its stability analysis involves cal-
culating the Jacobian J(P) and examining its eigenvalues. This is algebraically intensive.
Typically, if P exists and is unique, it is locally asymptotically stable when R > 1. Proving
this often requires specific conditions on parameters or using advanced techniques like
Lyapunov functions adapted for fractional systems or geometric approaches.

4.10. Global Stability

Proving global stability for fractional-order nonlinear systems is a significant challenge.
It usually involves constructing a suitable Lyapunov function and showing that its fractional
derivative along the trajectories is negative definite. For DFE, global stability when Ry < 1
is often conjectured or proven under specific conditions. Global stability of EE when Ry > 1
is even more complex.

Remark 2. When parameters or the fractional order 1 are fuzzy, stability becomes a fuzzy concept.
One might analyze the stability of the system for a range of crisp parameter values within the support
of the fuzzy numbers or use specific methods for fuzzy differential equations. The stability region in
parameter space might itself be a fuzzy set. The ABC derivative’s non-local nature (memory effect)
introduced by the fractional order y significantly impacts the dynamics, and the value of 1 also
influences the stability conditions and convergence rates.

5. Fuzzy ABC Fractional Model

In this section, we transition from the deterministic model described in Equations (3)—(6)
to its full fuzzy counterpart. The following model (19) is the direct fuzzy analogue, where
the state variables and parameters are treated as fuzzy numbers to explicitly incorporate
uncertainty. This is achieved by replacing standard arithmetic operations with their fuzzy
equivalents, based on the principles of fuzzy calculus and the generalized Hukuhara
difference. Here, we present the model in the fuzzy concept as follows:

SBEDTS(1) = @ g [01 @ S(1)] Egn {%}
§P°DPE) = | e | O (1@ 83) O E()] (19)
ABEDT(1) = [05 ® E(1)] ©gm [(61 B 64) © I(1)],
ABCDIR(1) = [0 © I(1)] ©gn [61 @ R(1)).

where *1, %y, %3,%4 € {i,ii}, 7 € (0,1),and 0 < 1 < T < o0, T € R. To obtain the fuzzy
solution for (19), we assume

Fl(l §ET§) :@9gH51®5()@gH%,
(18, ELR) = 25080 o (5 @ 63) 0 E(),
B(1SETLR) =50 E() Sg (61 6) © 1(1),

F, (z, S, E,T,E) — 6, 0 1(1) O 81 O R(1).

(20)
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Thus, we rewrite the model (19) as follows
ABCDAS(1) = Fy (1,S,E,T,R),
SBCD*"E(1) = B (1, S,E, I,R),
ABCDIT() = Iy ([, S, E,TR),
ABCDMIR()) = (z, S ET, ﬁ), 1)
S(0) = Sp > 0,
E(0) = Ey > 0,
10)=1y>0,
R(0) =Ry >0,

where %1, %3, %3,%4 € {i,ii},n € (0,1),and 0 <t < T < 00, T € R. When solving model,
different cases can occur as in Table 2:

Table 2. Different cases of solutions.

Case 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
*1 i i i i i i i i ii ii ii ii ii ii ii ii
*p i i i i ii ii ii ii i i i i ii ii ii ii
*3 i i ii ii i i ii ii i i ii ii i i ii ii
e i ii i ii i ii i ii i ii i ii i ii i ii

5.1. Existence of Unigue Solution

Theorem 2. Suppose that the functions F; (L, S,E I, K),i = 1,2,3,4 in (21) are fuzzy-valued
continuous functions defined in domain G, and satisfying the Lipschitz condition in G with respect
toS,E,I,R, and if IMy > 0,k = 1,2,3,4, such that

d(Fl ([,S},E,I ) F ([, S, E 1 R)) < (51 2([)),
d(Fz(L S E,T, R) Fz(t S BT, R)) < Myd (E1 2(1)>,
d(F3(t,§,E,Il, )F3(z,§,1§,12, )) < M3d(11 (z)),
d(F4(t,§,E,I,Rl),F4<t,§,E,I,R2>) < M4d(R1(t), 2(1)),

VSy, Eqy, 1, Ry, Sz, E», Ib,Ry, € G. Then, the model (21) has a unique fuzzy number solutions
S(1),E(1),1(1), R(1), provided that

1—7 U ) 1
+ max M T < 1.

() + arty ) et
Proof. Define the operator Z : CF(7,R) N LF(J,R) — CF(J,R) N LF(J,R) on the so-
lutions with non-negative and negative kernels separately. We start by first case with
%1, %9, %3, %4 = i, we define

z(§([) —So@i(_ﬂ”)®F1(l,§,f5',f,ﬁ>@%®f5 —o)"'eR g,§,f,f,ﬁ)dg,
Z(E(l) =Eo 5t ®F2(1,§E Tﬁ) ® 5 © Jot— 9" OB g,'s“,E,T,ﬁ)dg,
Z(T(L) :To@%@}}(z,igfﬁ) w%@fo ¢)"™ 1®F3(g,§,f,f,ﬁ)dg,
Z(ﬁ(t) :ﬁoeaﬁ(aﬂ(t,g,f,iﬁ) A(U;YT ®f0 ¢)"™ 1®F4(g,§,f,1~,1§)dg.
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Let §1/ El/ Tlr ﬁl/ §2/ E2/ EI ﬁZ € G. Then/

1(2(50),2(%0)) = d(m@a(l,gbam)@m
o [=¢ " oR (o5 ELR)d

L0 r (6 ELR J
i) B (S EIR)© g

L 4 I
@/O(t—g)” @Fl(g,Sz,E,I,R>dg>.

And based on the properties of the fuzzy metric from Definition 4 and the rules of fuzzy
arithmetic, we have

))<= oo > LR (15,51
(5 @/ ="' o R (g8, ELR)dg,
(nyr( )@/0(t—g)”*@ﬂ(gﬁzfﬁ,ﬁ)dg
< (A (50) A (50)) + g
i([[u-0r (50 [0-0m R (o 5(0)k)
<

07 M(510520) + 55
/OL’(l—g)”’ljd(Fl (¢81)). R (s, 51()) )ds

= ErMd(510.50) + 5 Md(510,50)
/OL (1= )" |de.

4(2(50).2(%)) < <1A_17’)7 + A(ﬂ)rll_’{’:_i_1)>M1d<§1(1),§2(1)>.

In the same manner, we obtain

a(z(E:0).2(Bw)) < (2(‘”’)7+A(Z)Tlf’(n))Mzd(m)fz(o),
1(2(000).2(20))) = (5t + 5 )M (0, B0),
1(2(Ra0) 2(R0)) = (5ot + aiire )Mt (Rl Re),

nT" . . . . .
where ( A1) + A(ﬂ)F(iy))Mk = L < 1,k = 1,2,3,4 are Lipschitz constants. This means

the operator Z is a contraction operator on C' (7, R) N LF (7, R). Therefore, based on the
Banach fixed-point theorem, the model (21) has a unique solution. The same procedure can
be used for case (2). O

Remark 3. It is important to note that the existence of the generalized Hukuhara (gH) differ-
ence, which is fundamental to our model’s formulation, is implicitly ensured by the conditions
of Theorem 2. The Lipschitz condition imposed on functions Fi guarantees that the solutions are
sufficiently reqular, preventing the diameter of the fuzzy number solutions from shrinking in a way
that would invalidate the existence of the gH-difference. Therefore, the conditions for the uniqueness
of the solution also serve to ensure the well-posedness of the fuzzy derivatives used in the model.
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5.2. Disease-Free Equilibrium (DFE)

The DFE in the fuzzy context represents a state where the population compartments
associated with the disease (E and 1) are effectively zero. Setting E(1) = 0 and I(z) = 0
in the fuzzy fractional system (19), the Disease-Free Equilibrium for the fuzzy fractional
system is the crisp point:

P= ({2,2},[0,0}, [0,0], [0,0]). (22)

The location of the DFE is identical to the crisp integer-order model, represented here as a fuzzy

state with zero uncertainty. The fractional order # and the type of gH-differentiability * do
not influence the location of this equilibrium, although they would affect its stability analysis.

Remark 4. The fuzzy fractional system (19) possesses the same crisp endemic equilibrium point as
the classical model, provided Ry > 1. The existence and location of this crisp EE are independent
of the fractional order 1 and the choice of gH-differentiability type (x € {i,ii}). Determining the
existence or nature of non-crisp (fuzzy) endemic equilibria would require more advanced analysis
specific to fuzzy differential equations.

6. Numerical Approach

The fuzzy ABC fractional model (21) with continuous fuzzy functions F, (1, S(1),E(0),1(1), 1~2(1)),
m = 1,2,3,4, non-negative kernels for all ;, 7, and fuzzy number initial values has a fuzzy solution.
Applying the AB fractional integral on both sides of the model (21), we have the following:

AB Ig (6413ch*1,'7 g( )

AB Ig (ngcDZkz,ﬂ E( )

AR ($5CDT(n) ) =18 B (1, 1(0)),
)

AB Ig (64BCDI*4J7§

(23)

Now, different cases occur when solving the model (23). To numerically solve the fuzzy frac-
tional model and generate the uncertainty bands shown in the figures, we first transform
the fuzzy initial value problem into a system of fractional ordinary differential equations.
For a given fuzzy number, its r-cut (or S-cut as used in this paper) is an interval defined
by its lower and upper bounds. The fuzzy fractional differential equation system (19) is,
therefore, decomposed into a system of eight coupled fractional differential equations,
one for the lower bound and one for the upper bound of each of the four state variables
(S, E, I, R). We then apply the fractional Adams—Bashforth numerical scheme, as detailed in
Equation (26), to this system. The fuzzy initial conditions and parameters (Table 3) are rep-
resented as triangular fuzzy numbers, and their interval forms are used in the computation.
The resulting lower and upper bound solutions for each compartment are plotted over
time. The shaded region between these two bounds represents the fuzzy uncertainty band
for a specific r-level (in our figures, r is implicitly set to 1.0 at the peak of the triangular
fuzzy number, with the spread shown by the interval). This band visualizes the range of all
possible trajectories of the epidemic, given the initial uncertainty in the parameters.

o Case 1: %7, %9, %3, %4 = 1.
In this case, according to Theorem 1 [31], the model (23) gives
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S() =5 @ 1(}7) ®F1 (l S(v), (l)j(‘)rﬁ(‘)) ® A(Jr(q)
© 3= @R (6 5(c), E(¢), T(6), R(¢c) ) de,
E)=Eo ! ) OF; (5@, E0), T, R0)) & a5
© f3t= 9" @ B (¢, 5(6). E(¢), 1(6), R(¢) ) s,
10) = T e 554 0 B (4.0, E0, 10, R0)) & e
© o= )" @ B(5,5(6), E(¢), 1(6), R(g) ) de,
R(t) =Ro® 35+ O Fy (t S(l),E(l)rT(l)fﬁ(‘)) ® Fmrm
© o= )" © Fa(, (), E(6), T(e), R(¢) ) de

Putting ¢ = 1, = 0+ nh, where h is a constant step-size, the following is obtained:

S(tn) = SO@A()QFl(lan(ln) E(tn), I(tn fRW)) OO
ST [ - R (o (g) E(5) T(¢), R(c) ) d,
Ele) = Fo® 55 © a1 ), El). ). R) © iy
DL [ - )" 0 Ba(6,8(6), E(), T(0), R(c) ) de, ”
I(1y) = Io@A()@F3(ln,S( n)s E(tn), (i), (‘n)) OO
(0 — )" © B3 (5,8(6), E(6), T(¢), R(g))dg,

1 © Fy (1 $(0n), Elun), Tn), R(1)) @ 5557557
—¢) (6),E(¢), () R

"o R(c S(6), E(6), (¢), R(c) ) .

QZ :H "
R(tm) = RO@ 507)
@Z jz+1( "

Now, we approximate the function F (g, §(g), E(g),f(g), ﬁ(g)),l = 1,2,3,4 on the
interval [1;, 1;11] by the Lagrange interpolation as follows:

Fi (s, 5(e), E(

e (e(—n

S

6),1(6),R()) = Fy (111, S(ti41), E(1i1), 11631, R(1i1))
F (li—l-lr S(ti1), E(tia), (1), ﬁ(li+1)) (25)
/G € [tistiva]

©F (1, 8(0), Ew), 1), R(1) )

By substituting (25) in model (24) with some algebraic operations, we obtain

where

E(m) =Eoe {p5 ©

h,7 e OF (o, 5(0), E(O),T(O),ﬁ(()))
@ X a-iF (10,50, EG), T, R(1)) |

en © B (0,5(0),E(0), T

| X2 (1800, ), T, R(s) ) |

-~ (26)
T Tt o | e ©RB(0S0),EO.10), RO
R lFs(zz,sm,Eui),foi),ﬁ(ti)) ’
AW eazizlun,ia(li,sai»Eol),mz-),R(a))
An)=1-n+ % 27)

(=) =iy 1)
En = T(y +2) ' (28)
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and )
1 1= —
Vk B - rgr;/é+2) + 7/711]17 /k == 0/ (29)
= 1)1 o
(k—1) 2Kk (k+1) k=1,2,.n—1

I(y+2) !

According to values of the parameters as presented in Table 3, we will plot the
Figures 1-7 of the solutions in case 1 with different fractional order 7 = 0.3,0.4,0.5,
0.6,0.7,0.8,0.9.

Table 3. The model parameters and their values.

Parameter Numerical Estimation
oo 0.001

0 0.001

O 0.9 + 0.08r,1 — 0.27]

03 0.7 4+ 0.08r,0.9 — 0.127]
04 0.6 +0.02r,0.8 — 0.187]
So 17.7 +0.3r,18.2 — 0.2r]
Ep 9.5+ 0.5r,10.3 — 0.37]
Iy 6.8 +0.2r,7.3 — 0.37]
Ry 49+ 0.1r,5.2 — 0.27]

-
n

Population
-
>

05

0.0

Population

Fuzzy Fractional SEIR (n=0.30, r=1.0, Case=1)

1e5 Susceptible (S) lel Exposed (E)
-=- Susceptible (S) (Lower) 254 Exposed (E) (Lower)
—— Susceptible (S) (Upper) Exposed (E) (Upper)
2.0
c 154
s
®
3
s
< 1.0
054
0.0
0 100 200 300 400 500 0 100 200 300 400 500
Time (days) Time (days)
1e2 Infected (1) 1e2 Recovered (R)
=== Infected (I) (Lower) 6 ——- Recovered (R) (Lower)
—— Infected (I) (Upper) —— Recovered (R) (Upper)
5
4
<
s
EE
2
&
24
14
oA
0 100 200 300 400 500 0 100 200 300 400 500
Time (days) Time (days)

Figure 1. Fuzzy solutions of susceptible, Exposed, Infected, and Recovered classes in case (i)-gH with
order y = 0.30.
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Fuzzy Fractional SEIR (n=0.40, r=1.0, Case=1)
1e5 Susceptible (S) 1e2 Exposed (E)
—==- Susceptible (S) (Lower) Exposed (E) (Lower)
4 —— Susceptible (S) (Upper) 1.4+ Exposed (E) (Upper)
1.2+
3 1.04
c c
3 3
2 £ 08
22 2
& € 0.6
0.4+
1
0.24
0 0.04
0 100 200 300 400 500 0 100 200 300 400 500
Time (days) Time (days)
1e3 Infected (1) 1e3 Recovered (R)
-~ Infected (1) (Lower) 6 —== Recovered (R) (Lower)
1.0 — Infected (1) (Upper) —— Recovered (R) (Upper)
5
0.8
o]
< <
06 2
H <34
2 2
& &£
0.4
2]
02 1
0.0 0
0 100 200 300 400 500 0 100 200 300 400 500
Time (days) Time (days)

Figure 2. Fuzzy solutions of susceptible, Exposed, Infected, and Recovered classes in case (i)-gH with

ord

er 1 = 0.40.

Fuzzy Fractional SEIR (n=0.50, r=1.0, Case=1)

1e5 Susceptible (S) 1le5 Exposed (E)
8 1.4 1
-=- Susceptible (S) (Lower) Exposed (E) (Lower)
—— Susceptible (S) (Upper) Exposed (E) (Upper)
7 124
6
1.0
5
< £0.81
s s
T4 kS
2 2064
& &
3
0.4+
2
N 0.2
0 0.0+
0 100 200 300 400 500 0 100 200 300 400 500
Time (days) Time (days)
1e5 Infected (1) 1e6 Recovered (R)
35
~=- Infected (1) (Lower) -=- Recovered (R) (Lower)
74— Infected (1) (Upper) —— Recovered (R) (Upper)
3.0
6
254
5
< £ 2.0
s s
54 s
] S
g §151
N &
1.0
2
1 054
0 0.0
0 100 200 300 400 500 0 100 200 300 400 500
Time (days) Time (days)

Figure 3. Fuzzy solutions of susceptible, Exposed, Infected, and Recovered classes in case (i)-gH with
order y = 0.50.
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Fuzzy Fractional SEIR (n=0.60, r=1.0, Case=1)
1e6 Susceptible (S) 1e12 Exposed (E)
1.6 ==~ Susceptible (S) (Lower) Exposed (E) (Lower)
—— Susceptible (S) (Upper) 1.04 Exposed (E) (Upper)
1.44
124 0.8+
1.04
< <
S S 0.6
3081 3
2 2
& &
0.6 0.4+
0.4
0.2+
0.24
0.0 0.0
0 100 200 300 400 500 0 100 200 300 400 500
Time (days) Time (days)
le12 Infected (1) 1e13 Recovered (R)
~=- Infected (1) (Lower) === Recovered (R) (Lower)
41 — Infected (1) (Upper) 124 — Recovered (R) (Upper)
1.0
3
0.8
< <
8 2
k] ]
FE 206
£ &
0.4
14
02
0+ 0.0
0 100 200 300 400 500 0 100 200 300 400 500
Time (days) Time (days)

Figure 4. Fuzzy solutions of susceptible, Exposed, Infected, and Recovered classes in case (i)-gH with

order y = 0.60.

Fuzzy Fractional SEIR (n=0.70, r=1.0, Case=1)

1e6 Susceptible (S) 1e22 Exposed (E)
-=- Susceptible (S) (Lower) . Exposed (E) (Lower)
—— Susceptible (S) (Upper) Exposed (E) (Upper)
25
6
2.0 5
§ §
E15 24
3 3
2 H
e £ 34
1.0
\ 24
\
\
05
\ 14
i
i
\
0.0 t 0
0 100 200 300 400 500 0 100 200 300 400 500
Time (days) Time (days)
1e23 Infected (1) 1623 Recovered (R)
-~ Infected () (Lower) 7] ==~ Recovered (R) (Lower)
2.0 1 — Infected (1) (Upper) —— Recovered (R) (Upper)
4
15
3
< <
s s
k] =
310 H
& S,
0.5
14
0.0 0
0 100 200 300 400 500 0 100 200 300 400 500
Time (days) Time (days)

Figure 5. Fuzzy solutions of susceptible, Exposed, Infected, and Recovered classes in case (i)-gH with

order n7 = 0.70.
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Fuzzy Fractional SEIR (n=0.80, r=1.0, Case=1)
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Figure 6. Fuzzy solutions of susceptible, Exposed, Infected, and Recovered classes in case (i)-gH with

order y = 0.80.

Fuzzy Fractional SEIR (n=0.90, r=1.0, Case=1)
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Figure 7. Fuzzy solutions of susceptible, Exposed, Infected, and Recovered classes in case (i)-gH with

order y = 0.90.

o Case 2: %1, %0, %3, %4 = i.
In this case, the solution of model (23) can be achieved similarly to the previous case
by solving the following model:
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We will plot the Figures 8-11 of the solutions in case 2 with different fractional order 7.

Fuzzy Fractional SEIR (n=0.30, r=1.0, Case=2)
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0 300 400 500 o 100 200 300 400 500
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Figure 8. Fuzzy solutions of susceptible, Exposed, Infected, and Recovered classes in case (ii)-gH
with order # = 0.30.

Fuzzy Fractional SEIR (n=0.50, r=1.0, Case=2)
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Figure 9. Fuzzy solutions of susceptible, Exposed, Infected, and Recovered classes in case (ii)-gH
with order = 0.50.
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Figure 10. Fuzzy solutions of susceptible, Exposed, Infected, and Recovered classes in case (ii)-gH

with order 7 = 0.70.

Fuzzy Fractional SEIR (n=0.90, r=1.0, Case=2)
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Figure 11. Fuzzy solutions of susceptible, Exposed, Infected, and Recovered classes in case (ii)-gH

with order # = 0.90.

7. Biological Significance and Interpretation of Figures

The numerical simulations, visualized in Figures 1-11, demonstrate the temporal

propagation of uncertainty, quantified by the width of the fuzzy bands encompassing the

state variable trajectories. Furthermore, these figures elucidate the significant influence of
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both the fractional order (1) and the choice of generalized Hukuhara (gH) differentiability
(Case 1: (i) — gH vs. Case 2: (ii) — gH) on the resultant epidemic dynamics. Impact of
Fractional Order (17)—Case 1 ((i) — gH Differentiability; Figures 1-7, Table 4): The frac-
tional order # serves as an index of system memory, modulating the extent to which past
states influence future epidemic progression. Low 7 values (e.g., 0.3, 0.4; Figures 1 and 2):
Diminishing values of 1 signify heightened memory effects, wherein the system’s past
states exert a more substantial influence on current and future dynamics. Biologically, such
scenarios may reflect the impact of factors like prolonged immunity, persistent environ-
mental viral reservoirs (e.g., the virus surviving for a time on surfaces or in contaminated
water sources), or slowly evolving public health behaviors. Consequently, the simulated
epidemic curves for Exposed (E) and Infected (I) compartments display attenuated, wider
peaks, characteristic of a protracted epidemic wave and a more pronounced “flattening of
the curve.” The associated fuzzy bands, representing uncertainty, also tend to remain wider
for extended periods, indicating sustained uncertainty under strong memory conditions.
Medium 7 values (e.g., 0.5, 0.6, 0.7; Figures 3-5): Intermediate 7 values represent a transi-
tional regime with moderate memory effects. The epidemic wave becomes more distinctly
defined compared with low 7 scenarios, featuring earlier and comparatively sharper peaks,
indicating a tempered influence of historical system states on the epidemiological trajectory.
High # values (e.g., 0.8, 0.9, approaching 1; Figures 6 and 7): Conversely, higher # values
lead to system dynamics that increasingly resemble those of classical integer-order models,
characterized by diminished memory effects. Epidemics under these conditions progress
more rapidly, exhibit sharper and higher incidence peaks, and resolve more quickly, reflect-
ing a greater responsiveness to contemporaneous conditions. The fuzzy uncertainty bands
may also converge more rapidly as the system’s trajectory becomes more deterministic.

Table 4. Summary of Fuzzy Fractional SEIR Model solutions for Case 1 (all derivatives Type i) at
different fractional orders ().

Fractional Order (7)

General Trend in Compartments (Visual) Key Biological Interpretation

Strong Memory Effects: Past states
heavily influence current dynamics.
Slower Epidemic: Disease spreads

S: Slow decline, eventual slow recovery. slowly, prolonged duration, less

Low 7 E, I: Lower, broader peaks; epidemic wave .
intense peak. Delayed Response:
(eg.0.3,04) delayed and spread out. System and interventions may show
R: Slow accumulation. Y . Yy Sno
delayed effects. Sustained Uncertainty:
Fuzzy bands (uncertainty) tend to be
wider for longer.
. Moderate Memory Effects: System
S:h More pronounced decline and recovery history in ﬂuencesydynamics,}jbut less
phases. . .
Medium y E, I: Peaks are higher and occur earlier dominantly. Balan'cgd Dynamics:
L. . . Represents a transition between slow
(e.g.,0.5,0.6,0.7) than for low #; epidemic wave is more 1 ¢ lassical
defined memory-laden and faster classica
' . dynamics. “Flattening of the curve”
R: Faster accumulation. . .
effect still noticeable.
Weak Memory Effects: System behaves
S: Faster decline, sharper “dip” possible. Egrdee%ﬂ;ea:tzlrazslfg‘le;;litce.g]g?szgigr
High n E, I: Sharper, higher peaks occurring ) P '

(e.g.,08,09, —1)

spreads more rapidly, leading to a
more intense and shorter epidemic.
Quicker Response: System responds
quickly to current conditions.

earlier; epidemic wave more compressed.
R: Rapid accumulation.
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Impact of Derivative Type—Case 2 ((ii) — gH Differentiability; Figures 8-11, Table 5):
The selection of gH-differentiability profoundly alters the interpretation of the fuzzy sys-
tem’s evolution, particularly for the Exposed (E) and Infected (I) compartments. Low 7
values (e.g., 0.3; Figure 8): Under (ii) — ¢H differentiability, particularly at low # values,
the system demonstrates pronounced memory retention and sluggish dynamics. Notably,
for the E and I compartments, instead of a distinct outbreak peak as observed in Case 1,
a slow, monotonic decline from initial fuzzy values is observed. This suggests a dynamic
dominated by disease fade-out or a very gradual transition towards an equilibrium state,
without the emergence of a significant new infection wave. The historical states heavily
influence this slow decay, with new infection generation being insufficient to trigger a
resurgence within the simulation period. Higher # values (e.g., 0.7, 0.9; Figures 10 and 11):
As 7 increases within Case 2, the rate of this decay or stabilization accelerates. However,
the fundamental characteristic of not producing a new prominent outbreak peak (for E
and I compartments, unlike in Case 1) persists. The system continues to reflect a decay or
stabilization trajectory, though with a progressively weaker influence of past states com-
pared with lower 7 values in this differentiability case. The contrasting dynamics between
Case 1 and Case 2 underscore the nuanced complexities introduced by the fuzzy fractional
framework. Case 1 ((i) — gH) dynamics are generally consistent with the canonical pat-
tern of active epidemic propagation followed by decline. In contrast, Case 2 ((ii) — gH)
dynamics, especially for the E and I compartments may represent scenarios where ini-
tial conditions or parameterizations favor direct decay or slow convergence towards an
equilibrium. This behavior could be attributed to the specific mathematical properties of
(ii) — gH differentiability when applied to the model’s governing equations and the way it
interacts with the fuzzy representation of state variables. This distinction is of paramount
importance for epidemiological modeling, as the choice of gH-differentiability can lead to
qualitatively disparate predictions regarding the emergence and characteristics of future
epidemic waves.

Table 5. Summary of Fuzzy Fractional SEIR model solutions for Case 2 (all derivatives Type "ii’) at
different fractional orders ().

Fractional Order (1))

General Trend in Compartments (Visual) Key Biological Interpretation

Very Strong Memory and Sluggish
Dynamics: System evolution is

S: Very slow, monotonic evolution (decline extremely slow under this type of
or slight increase). differentiability. Decay/Stabilization
Low 7 E, I: Very slow, monotonic decline from Phase: Suggests a scenario of disease
(e.g.,0.3) initial fuzzy values. No distinct new fade-out or slow transition to
outbreak peak. equilibrium, rather than an active
R: Very slow, monotonic increase. outbreak. Past Dominance: Past states
heavily dictate the very slow current
transitions.
Moderate Memory, Faster Transition:
S: Faster monotonic evolution compared System still shows decay /stabilization
High 5 to low 7. . . o but transitions more quickly. Redgced
(e, 09, = 1) E, I: Faster monotonic decline from initial Influence of Past: While memory is
e fuzzy values. present, the system moves towards its
R: Faster monotonic increase. equilibrium state more rapidly than

with low 7. Still no new outbreak peak.

From a public health perspective, the interval-valued solutions generated by this fuzzy
fractional framework offer significant advantages for decision-making under uncertainty.
Instead of providing a single, deterministic prediction for the epidemic’s peak or duration,
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the model provides a range of possibilities encapsulated within the fuzzy bands. This
allows authorities to engage in more robust planning. For example, the upper bound of
the infected compartment’s trajectory can inform worst-case scenario planning for hospital
bed capacity, while the lower bound can help establish a baseline for resource allocation.
The width of the fuzzy band itself is a quantitative measure of predictive uncertainty.
A wider band might prompt decision-makers to adopt more flexible, adaptive strategies or
to invest in better data collection to reduce uncertainty. Thus, these fuzzy results can be
used to formulate more resilient public health policies for vaccination campaigns, resource
stockpiling, and risk communication that account for the inherent unpredictability of
epidemic dynamics.

8. Conclusions

In this work, we have developed and analyzed an SEIR influenza epidemic model
incorporating fuzzy Atangana-Baleanu—Caputo (ABC) fractional derivatives and a
Crowley—-Martin incidence rate. This approach uniquely combines the ability to represent
inherent uncertainties in epidemiological parameters and state variables (through fuzzy
numbers) with the capacity to model memory effects and non-local dynamics (through
fractional calculus). The Crowley-Martin incidence rate is included to provide a more
flexible mechanism that can potentially enhance realism by accounting for saturation
effects at high densities of susceptible or infectious individuals. The SEIR model with
Crowley-Martin incidence and ABC fractional derivatives provides a flexible framework
for studying disease dynamics. Key properties, such as positivity and boundedness, ensure
biological relevance. The basic reproduction number R acts as a threshold: the DFE is
locally stable if Ry < 1 and unstable if Ry > 1. An endemic equilibrium may exist and be
stable if Rp > 1. The fractional order 77 and the fuzzy nature of the derivatives/parameters
add significant complexity to the analysis, requiring specialized mathematical tools, but of-
fer the potential for a more realistic description of real-world epidemic processes with
memory and uncertainty. Numerical simulations are often essential to explore the dy-
namics of such complex models. This work provides a more nuanced understanding by
simultaneously accounting for memory effects and inherent uncertainties. The numerical
simulations demonstrate the profound impact of the fractional order and the type of fuzzy
differentiability on epidemic trajectories, yielding interval-valued predictions that are more
informative for public health decision-making than single-point estimates. This framework
lays the groundwork for more sophisticated and realistic epidemiological models that can
better capture the complexities of infectious disease spread. However, we acknowledge that
the practical validation of this model is a critical next step. Future work should focus on
applying this framework to a real-world case study using influenza surveillance data. Such
an investigation would involve the complex task of estimating the fuzzy parameters from
empirical data and validating the model’s interval-valued predictions against observed
epidemic trajectories. This would bridge the gap between this theoretical development and
its potential application in public health planning and decision-making under uncertainty,
thereby demonstrating its full practical utility.

It is important to acknowledge the limitations of the current model, which define
avenues for future research. First, our model assumes homogeneous mixing within the
population, a common simplification that does not account for spatial or social structures.
Second, the analysis relies on parameters from the literature rather than fitting them to a
specific epidemiological dataset, a task that would require advanced statistical methods
for fuzzy fractional systems. Third, while the ABC fractional derivative provides a sophis-
ticated memory kernel, its specific form may not be optimal for all biological processes.
Finally, the complexity of the fuzzy fractional framework itself can be a barrier to direct
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implementation by public health agencies. These limitations underscore that our model
serves as a foundational step, demonstrating the potential of this approach, rather than a
final, universally applicable predictive tool.
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